Abstract. Given a polynomial f ∈ C[x], we consider the family of superelliptic curves y d = f (x) and their Jacobians J d for varying integers d. We show that for any integer g the number of abelian varieties up to isogeny of dimension ≤ g which appear in any J d is finite and their multiplicities are bounded.
Introduction
Given a family of abelian varieties, it is often interesting to ask about the existence and multiplicity of small-dimensional abelian subvarieties. For example, in [ES93] , Ekedahl and Serre ask several questions about curves over C whose Jacobian is isogenous to a power of an elliptic curve.
Related questions about Fermat Jacobians are discussed in [Ulm07a] . Let F d denote the Fermat curve of degree d over a field of characteristic zero. In [Ulm07a, Thm. 3 .2] it is proven that for every g > 0, only finitely many abelian varieties up to isogeny of dimension ≤ g appear as subvarieties of the Jacobian of F d for any d. The goal of this note is to generalize that result to a large class of superelliptic curves. Our results apply over any field of characteristic zero, but for simplicity of language we work over the complex numbers C.
Fix a polynomial f ∈ C[x] of degree n > 0 and let e be the largest positive integer such that f = f e 0 where f 0 is a polynomial. If d is a positive integer which is relatively prime to e, then the polynomial y d − f (x) is irreducible. We may thus define C f,d to be the smooth, projective curve over C associated to the affine plane curve
If f 0 is linear, then the genus of C f,d is zero for all d prime to e. On the other hand, if deg f 0 > 1, then the genus of C f,d tends to infinity with d.
Here is our main result:
1.1. Theorem. For a fixed polynomial f as above and a fixed positive integer g, only finitely many abelian varieties up to isogeny of dimension ≤ g appear as subvarieties of the Jacobians of C f,d as d varies over all positive integers relatively prime to e.
This result can be used to give more examples of isotrivial elliptic curves (and abelian varieties) over C(t) which have bounded Mordell-Weil ranks in the tower of extensions C(t 1/d ), along the lines of the discussion in [Ulm07a, §4] . We leave the details as an exercise for the reader.
We fix f and write J = J d for the Jacobian of C f,d . It will be convenient to reformulate the theorem in terms of the "new part" of J. has no abelian subvarieties of dimension ≤ g.
Note that Theorem 1.2 is stronger than Theorem 1.1 because it shows that the dependence on f is only through its degree.
The proof of Theorem 1.2 will be given in Sections 2 through 6. At the end of Section 6 we discuss what we know or expect in other contexts, such as when f is a rational function or when the ground field has positive characteristic.
We thank the anonymous referee for a careful reading of the paper and for several useful suggestions.
The complex representation
We keep the notations and definitions of the introduction. The curve C is a Galois cover of P 1 with Galois group the d-th roots of unity µ d . In terms of the equation (1.1), µ d acts via multiplication on the coordinate y. We will study the action of ζ on the regular 1-forms of C, or equivalently on the regular 1-forms of J. This is sometimes called the complex representation of J.
Fix once and for all a primitive d-th root of unity ζ. We have a direct sum decomposition
where V j is the subspace where ζ acts by multiplication by ζ j . It will be convenient to view the subscripts j as lying in Z/dZ.
Note that since
It follows that we have
In particular, the roots of the characteristic polynomial of ζ on H 0 (J new , Ω 1 ) are primitive d-th roots of unity.
A crucial point in our analysis is that the dimensions of the V j are not evenly distributed. More precisely: For the convenience of the reader, we restate [Arc03, Thm. 6.7] using our notation. For this, write
Then the formula in question says that if gcd(j, d) = 1 and d does not divide any of ee 1 , . . . , ee m nor n, then
Here r denotes the fractional part of a real number r. It follows that if d > n and j < d/(e max{e i }) ≤ d/n, then dim V j = 0, and this is exactly the assertion of the proposition.
Consequences of a small factor
In this section we show that if J new has an abelian subvariety of small dimension, then the characteristic polynomial of ζ on H 0 (J new , Ω 1 ) has a factor with coefficients in a number field of small degree. More precisely: 3.1. Proposition. Suppose that J new has an abelian subvariety of positive dimension ≤ g. Then there exists a number field K ⊂ C of degree ≤ 2g and a polynomial P of positive degree with coefficients in K such that P divides the characteristic polynomial on ζ on H 0 (J new , Ω 1 ).
Note that we may take the polynomial P to be irreducible over K. Note also that the roots of P are primitive d-th roots of unity.
Proof. Suppose that A ⊂ J new is an abelian subvariety of positive dimension ≤ g. We may assume that A is simple. Let a > 0 be the integer such that J new is isogenous to A a ⊕ B where B is an abelian variety with no factors isogenous to A. Fixing an isogeny yields an identification
Since A and B have no isogeny factors in common, the action of ζ preserves the subspace H 0 (A a , Ω 1 ). Our claim will follow from an inspection of the characteristic polynomial of ζ on H 0 (A a , Ω 1 ). Let D be the rational endomorphism algebra of A: D = End(A) ⊗ Q. Then it is well known [Mum08, §19] that D is a simple algebra whose center K is a number field of degree ≤ 2g. Let [D : K] = f 2 . The endomorphism algebra of A a is M a (D), and the irreducible complex representations of this algebra are indexed by the embeddings of K into C. Given an embedding, the corresponding representation is the composition
where the embedding is used to form the tensor product) acting by left multiplication on C af . If δ ∈ M a (D), the eigenvalues of the action of left multiplication by δ on the K-vector space M a (D) are the eigenvalues of the corresponding element of M af (C) each repeated af times. It follows that the characteristic polynomial of the element δ in either representation has coefficients in K. Therefore, we may take P to be the characteristic polynomial of ζ on an irreducible constituent of H 0 (A a , Ω 1 ) viewed as a representation of M a (D).
Galois theory
Next we consider the distribution of roots of a polynomial with coefficients in a small field and with a root which is a root of unity. More precisely: 4.1. Lemma. Let P be an irreducible polynomial with coefficients in a number field K of degree ≤ 2g over Q. Suppose that P has primitive d-th roots of unity as roots. Then there exists a subgroup H ⊂ (Z/dZ) × of index ≤ 2g such that the roots of P are of the form ζ ab for a fixed a ∈ (Z/dZ) × and b ∈ H.
Proof. This is a simple exercise in Galois theory: Since the roots of P lie in Q(µ d ), we may assume that K is a subfield of Q(µ d ). The splitting field of P is Q(µ d ), so the roots of P are some fixed primitive d-th root ζ a and its conjugates under
Equidistribution
The last step in the proof of the main theorem is to note that subgroups of (Z/dZ) × with small index are in a certain sense equidistributed. This equidistribution statement follows easily from the Weyl equidistribution criterion (see [Wey16] or [SS03, 4.2]) and standard estimates for Gauss sums (see [Coh07, 2.1.6]). What is to be shown is that for all integers a > 0, the quantity 1
where the last step uses standard estimates for Gauss sums. , Ω 1 ) has a factor P with coefficients in a number field K of degree ≤ 2g over Q. By Lemma 4.1 and Proposition 5.1, P has a root of the form ζ b with 0 < b < d/n and gcd(b, d) = 1. This implies that V b = 0, in contradiction to Proposition 2.1. Therefore, no such A exists, and this proves Theorem 1.2.
6.2. Effectivity. It would be interesting to make the bound d 0 effective. For g = 1 and n = 2, previous unpublished work of the first author shows that Theorem 1.2 holds with d 0 = 10 11 . It can then be shown computationally that in fact d 0 = 24 is sufficient. At least insofar as Proposition 5.1 is concerned, this cannot be improved further because {1, 5, 7, 11} is an index 2 subgroup of (Z/24Z) × . We also note that if f has degree ≥ 3 and no repeated roots, and if d is relatively prime to n and sufficiently large (d > 24 suffices), then by [XZ10, Cor. 1.11], J d is not isogenous to a product of elliptic curves.
6.3. Characteristic p. We note that the restriction to characteristic zero is essential: Theorem 1.1 and similar results are spectacularly false in characteristic p. Indeed, Tate and Shafarevich [TS67] showed that the Jacobian of the Fermat curve of degree p f + 1 is isogenous to a product of elliptic curves. More generally, a construction in [Ulm07b, §10] yields many superelliptic curves whose Jacobians have an elliptic curve as factor with large multiplicity in the new part of their Jacobians.
All these examples involve supersingular elliptic curves. Comparing with [Ulm07a, Thm. 3.3], one might hope that introducing restrictions like ordinarity or positive p-rank on small dimensional factors A might yield a true variant of Theorem 1.1. 6.4. Rational functions. Finally, it would be natural to allow f to be a rational function, not just a polynomial, in Theorem 1.1. We expect the result to continue to hold in this generality, but our proof breaks down because allowing poles in f makes the "ill-distribution" result of Proposition 2.1 false. For example, if f is a rational function with distinct zeroes and poles, then the dimensions of all of the V j with j ∈ (Z/dZ) × are the same. Of course, if f is a rational function, the curve defined by y d = f (x) can also be defined (using a suitable change of variables) by an equation y d = h(x) with h a polynomial, but now h will have large degree and this also spoils our argument.
Results in the opposite direction, namely examples where a given small-dimensional abelian variety appears in J new d for infinitely many d, would also very interesting due to their relevance for ranks of abelian varieties and questions like those of Ekedahl and Serre.
